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ABSTRACT This paper presents the application of convolutional interleavers for constructing high performance parallel concatenated block (PCB) codes. The utilized interleaver is operated as a block interleaver,
when the number of stuff bits is applied at the first and end parts of the interleaving. A modification is
conducted to reduce the number of stuff bits and ensure that every block of the interleaved data has at
least one stuff bit. Conducted simulations confirm that with the similar code length and rate, the newly
proposed codes have close or better performance than other well-known codes recommended for the global
telecommunications standards.
INDEX TERMS Parallel concatenated block codes, convolutional interleavers, upper bound of probability
of error, cyclic codes, low-density parity-check (LDPC) codes.

I. INTRODUCTION

The main aim of emerging broadband transmission systems
is the reliable delivery of the information from the source
to the destination [1]–[3]. For these systems, implementing
an advanced forward error correcting (FEC) code, which is
capable of correcting number of errors with the optimum
delay in its operation, is vital. An advanced FEC code can
be represented as the concatenated code in which at least
two codes are applied in its structure. The encoding and
decoding latency of the concatenated code is optimized when
constituent codes are linked with each other in the parallel
form through an interleaver. The interleaver rearranges the
original information to prohibit the existence of low-weight
codewords for the second encoder. It also aims to provide
the optimum performance for the decoder constructed by
an iterative decoding algorithm. Turbo codes are recognised
as the most well-known type of these codes, which are
conventionally formed by two recursive systematic convolutional (RSC) codes. It is also possible to construct a parallel concatenated block (PCB) code, where RSC codes are
replaced by two linear block codes such as Bose Chaudhuri
Hocquenghem (BCH) and Reed-Solomon (RS) codes [4].
In PCB codes, the effect of parity bits obtained from
one encoder is ignored in the encoding of another code.
The associate editor coordinating the review of this manuscript and
approving it for publication was Zesong Fei

41218

.

This structure concludes a code with a relatively high
rate and a low minimum weight. The minimum weights
of binary PCB codes can be estimated from messages,
whose 1s are positioned in one block of data. This
means that their minimum weights are highly related to
the minimum weight of constituent codes and the ratio
between the length of message and length of constituent
codes [5].
To overcome this limitation of PCB codes, multidimensional PCB codes are suggested. These codes can be constructed by the combination of a PCB code with another code
in the hybrid form. In one attempt, a BCH code is serially
combined with another block code (either BCH or RS code).
Then, the number of combined codes are linked with each
other in parallel form. To reduce the complexity, a low number of iterations is applied in the parallel decoding process.
Constructed codes have a relatively low rate and are applicable in long-haul transmission systems [6]. Similarly, the combination of BCH and low-density parity-check (LDPC) codes
are considered for digital video broadcasting services. The
proposed code applies the main specifications of constituent
codes in the correction of errors as well as parallel encoding
and decoding facilities of LDPC codes aiming to minimize
the design complexity [7]. Schemes of hybrid codes can be
constructed by combining two parallel concatenated codes,
which reliably protect the original information at waterfall
and error floor regions [8], [9].

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

VOLUME 9, 2021

S. Vafi: Parallel Concatenated Block Codes Constructed by Convolutional Interleavers

Alternatively, PCB codes can be designed in the block-wise
form. In this case, blocks of the message are encoded rowby-row and then column-by-column, where parity on parity encoding is ignored. This leads to apply long length
component codes, which protect the message better than
bit-wise PCB codes. However, in contrast to short length
codes, the utilized long length component codes for the
block-wise PCB code will increase the design complexity, which is mainly evident in decoding implementation.
Hence, these codes are mainly applied for optical and storage systems including NAND flash memories, where the
decoding is accomplished based on a hard-decision based
algorithm [10]–[12].
An advanced type of PCB code is the braided code in which
parity bits of one encoder are permuted and then considered
as part of the message with the new length for the alternative
encoder [13]. Similar to block-wise PCB codes, the improvement is obtained at the expense of complexity in encoding
and decoding processes [14].
The main common feature of the abovementioned contributions is improving the performance of PCB code through
its constituent codes or its combination with other codes.
Alternatively, the performance of PCB codes can be improved
by an interleaver, whose length is greater than the length of
the message. This can be achieved by utilizing convolutional
interleavers, which add number of bits to the rearranged
message. These inserted extra bits are named as stuff bits
and have a known value. Indeed, they help the decoder to
properly recover the original message transmitted over the
noisy channel.
This paper presents a new scheme of convolutional interleavers, which satisfy the abovementioned condition for
PCB codes. Indeed, stuff bits inserted at the initial and end
stages of the interleaving process represent the convolutional
interleaver as a block-type interleaver.
Similar to the convolutional interleavers applied for turbo
codes, the structure of the proposed interleaver is optimized
by reducing the number of stuff bits [15]. Another modification is also accomplished to ensure that inserted stuff
bits are properly distributed so as every interleaved message
has at least one stuff bit. The performance of the proposed
interleaver is verified for PCB codes constituted by Euclidean
geometry (EG) and projective geometry (PG) cyclic LDPC
codes. In this design, the message length of the PCB code
is square of the length of constituent codes. Conducted simulations confirm that with the same rate and length, new
codes have very similar performance to polar and quasi-cyclic
LDPC (QC-LDPC) codes. Moreover, they outperform punctured product codes, which is evident in the waterfall and
error floor regions.
The organisation of the paper is as follows: Section II
reviews the structure of PCB codes. Section III represents
convolutional interleavers suitable for PCB codes. Section IV
analyses the performance of PCB codes implemented by
an interleaver, whose length is greater than the length of
the original message. Sections V and VI verify the iterative
VOLUME 9, 2021

decoding performance of the proposed code and its design
complexity, respectively. Section VII gives simulation results
for the designed codes. Finally, Section VIII concludes the
paper.
II. STRUCTURE OF PCB CODES

PCB codes are designed by the parallel combination of two
identical (n, k) block codes, where k and n represent the
message and codeword lengths, respectively. Figure 1 shows
the encoder structure of the PCB code. These codes accept
messages with the length of L = m × k bits, where m is a
positive integer (m ∈ N). Every message with the length L
is changed to m blocks with the length of k bits, which are
considered as the input of constituent encoders. A codeword
with the length of n bits obtained from the first encoder
(code 1) is added to the parity bits of the second encoder
(code 2) to make a new codeword with the length of (2n − k)
bits. Finally, m codewords with the length of (2n − k) are
multiplexed to form a codeword with the length of m×(2n−k)
L
.
bits. Therefore, the PCB code’s rate is m×(2n−k)

FIGURE 1. Structure of PCB encoder.

For PCB codes with L = k 2 , the minimum weight of
2dmin − 1 is obtained from messages with the weight of 1,
where dmin is the minimum weight of constituent codes [4].
This means that conventional interleaving techniques do not
have much effect on increasing the parity weight of the second constituent code as well as its error-correcting performance. This limitation can be overcome by an interleaver,
which inserts number of known bits (as stuff bits) in its permutation process. To improve the performance of the second
constituent code, permutation should be conducted such that
every interleaved block with the size of k bits includes at
least one stuff bit. In this case, instead of correcting errors for
the n-bit received information, errors can be corrected from
information with the length of (n − 1) bits. The existence
of this feature for a decoder and its effect on the iterative
decoding will improve error-correcting performance of the
PCB code.
III. CONVOLUTIONAL INTERLEAVERS FOR PCB CODES

Convolutional interleavers are amongst the most well-known
memory-based interleavers. In recent years, designs of these
interleavers for non-cooperative communication systems
were extensively investigated [16], [17]. They aim to blindly
41219
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determine parameters of interleavers based on the channel
noise and features of communication systems.
Convolutional interleavers consist of T parallel lines represented as their period. Each line has conventionally M
memory units more than the previous line, which defines the
space value of the interleaver. Hence, depending on the distribution of input data to each line of the interleaver, the interleaved data will appear in different time slots. Figure 2 shows
the general structure of the convolutional interleavers. It is
assumed that all memories are initialized to a known value
(value of 0).
FIGURE 3. Convolutional interleaving of data. (a) Optimised structure of
(T = 5, ` = 16, M = 1) interleaver. (b) Six interleaved blocks with the
length 4.

IV. UPPER BOUND OF PROBABILITY OF ERROR FOR PCB
CODES CONSTRUCTED BY THE PROPOSED INTERLEAVER

For a (n, k) linear block code, the input-redundancy weight
enumerating function (IRWEF) is defined as follows [18]:
X
AC (W , Z ) ,
Aω,j W ω Z j .
(1)
FIGURE 2. Structure of convolutional interleaver with period of T and
space M.

To make an interleaved data with a specified length, some
stuff bits are inserted at the end of each block of data returning
memories to a known state. A (T , `, M = 1) convolutional
interleaver with ` = (T − 1)2 can be viewed as an interleaver,
which generates (2(T − 1) − 1) blocks of interleaved data
with the length T . The interleaved data can be represented as
a (2T − 3) × T matrix. This matrix can be divided into two
submatrices. The first submatrix includes the first (T − 1)
rows, while the last (T − 2) rows form the second submatrix.
The first and second submatrices have T (T2−1) and T (T2−1) − 1
stuff bits, respectively. The number of stuff bits at ith column
is the value of i, where 1 ≤ i ≤ T . Similarly, the second
submatrix has j − 2 non-stuff bits at its jth column, where
2 ≤ j ≤ T . Moreover, the first column of the second
submatrix has only stuff bits.
Non-stuff bits positioned at ith column of the second submatrix can be exchanged by the stuff bits of the ith column
of the first submatrix. Moreover, the information bit positioned at the first column and T2 th row of the matrix, can be
exchanged by the stuff bit positioned at the first column of
T th row. Since the last T − 3 rows of the matrix only include
stuff bits, they can be removed to form a T ×T matrix. The last
element of this matrix is also the stuff bit. By removing this
stuff bit, interleaved bitstream can be viewed as (T +1) blocks
of length (T − 1). In this case, each block of data includes at
least one stuff bit. Figure 3 shows the optimized interleaving
procedure for the (T = 5, M = 1) interleaver and length
` = L = 16, where X denotes a stuff bit. Convolutional
interleaver constructed by the abovementioned procedure can
be applied for PCB codes with k = T − 1 and L = ` = k 2 .
This concludes m = k and S = 2m. As a result, (k + 2)(n − k)
parity bits are generated from the second encoder and the
PCB code with the rate of k.n+(k+2)(n−k)
is formed.
k2
41220

ω,j

In this equation, Aω,j is the number of codewords with weight
ω + j, whose message and parity weights are ω and j,
respectively. Based on this definition, the conditional weight
enumerating function (CWEF) of the parity check bits is
given by
X
1 ∂ ω [AC (W , Z )]
|W =0 .
(2)
AC
Aω,j Z j =
ω (Z ) =
ω!
∂W ω
j

For codes implemented by a maximum likelihood soft
decision decoding algorithm, the probability of error under
additive white Gaussian noise (AWGN) is upper bounded by
Pb (e) ≤

k
X
ω ω C
W Aω (Z )|W =Z =e−RC Eb /N0 ,
k

(3)

ω=1

where RC and NEb0 are the code rate and energy per bit per noise
ratio, respectively.
Performance of the PCB code with the message length of
mk constituted by two (mn, mk) codes can be analyzed by
the uniform
 interleaver, which maps a message with weight
w into mk
ω permutations of its equal probability. The CWEF
of this code is expressed by [18]:
Cm

PCB (Z )
AC
ω

Cm

Aω1 (Z ).Aω2 (Z )
=
.
mk 

(4)

ω

Cm

Here, Aωi (Z )s, i = 1, 2, are CWEFs of (mn, mk) constituent codes and represented as
1 ∂ ω [ACi (W , Z )]
=
|W =0 .
(5)
ω!
∂W ω
As mentioned, codewords of these codes are obtained from
m consecutive codewords of the correspondence (n, k) code.
In this case, their IRWEFs are expressed by
Cm
Aωi (Z )

m

m

ACi (W , Z ) = [ACi (W , Z )]m ,

(6)
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where ACi (W , Z ) is IRWEFs of the ith (n, k) code. The
convolutional interleaver proposed for PCB code provides
interleaved information with a length greater than the length
of the message. Its performance can be modelled as an interleaver, which rearranges L + S bits for the second encoder.
However, the effect of stuff bits is ignored in the encoding of
the first encoder. CWEF of the PCB code constructed by this
interleaver is given by
C0
[AωPCB (Z )]

(m+2)
C2

=

Cm
Aω1 (Z ).Aω
(m+2)k 
ω
C

C

(m+2)

.

(7)

(Z ) is represented as folCm

+

ω−1
X

i=1
ω−1
X

Cm

(m+1)

(Z ).

(8)

i=1

The lowest order of Z obtained from the third and fourth
terms of the above equation is 2. For RC (Eb /N0 ) ≥ 1,
which mainly denotes the performance of codes in practical
applications, the value of Z is less than 1 (Z < 1). Therefore,
the two last terms of (8) will not be as important as the
two first terms. This is more evident when the value of NEb0
increases. Indeed, for the medium to high NEb0 s, where the error
floor occurs, we have
C

(m+2)

Aω2

Cm

2
2
(Z ) ≈ 2AC
ω (Z ) + Aω (Z ).

(9)

Meanwhile, the denominator of (7) can be rewritten as


 
(m + 2)k
mk
=γ
,
(10)
ω
ω
where
Q2k+1

i=0 [(m + 2)k − i]
γ = Q2k+1
i=0 [(m + 2)k − ω − i]

=

ω−1
Y

[(m + 2)k − (ω − i)][mk − i − ω + 1].

(11)

i=0

Substituting (9) and (10) in (7), we have
C0
AωPCB (Z )

Cm

Cm

2
2
1
[2AC
ω (Z ) + Aω (Z )][Aω (Z )]
=

γ mk
ω
PCB (Z ),
= β.AC
ω

(12)

where
C

2Aω2 (Z )

β=
VOLUME 9, 2021

Cm
Aω2 (Z )

γ

+1
.

(m−1)

+

ω−1
X

(Z )
C

(m−1)

2
2
AC
ω−i (Z ).Ai

(Z ).

(14)

i=1

The above equation can be rewritten as
Cm

m−1
X ω−1
X
ξ =1 i=1

C

(m−ξ )

2
2
AC
ω−i (Z ).Ai

(Z ).

(15)

2
2
Obviously, γ  1 and 2 AC
ω (Z ) < Aω (Z ) since m > 2.
0
CPCB
CPCB
This means β < 1 and Aω (Z ) < Aω (Z ). Therefore, for
all ωs, 1 ≤ ω ≤ k, utilizing equation (7) in (3) concludes
a bound lower than the one obtained from the PCB code
constituted by an interleaver with the length of mk.

A. ERROR CORRECTING CAPABILITY OF PROPOSED
PCB CODES

2
2
Aω−i
(Z ).AC
i (Z )

C2
2
AC
ω−i (Z ).Ai

C

Cm

2
2
(Z ) = 2AC
ω (Z ) + Aω (Z )

+

Cm

2
2
Aω2 (Z ) = AC
ω (Z ) + Aω

2
Aω2 (Z ) = mAC
ω (Z ) +

(m+2)

Refer to Appendix VIII, Aω2
lows
Aω2

(Z )

Cm

Similar to (8), Aω2 (Z ) can be expressed as

(13)

Considering the bound given in IV, it is concluded that error
correcting performance of the PCB code is directly related to
the minimum weight specifications of its constituent codes.
In PCB code constructed by the proposed convolutional interleaver, every block of interleaved messages has at least one
stuff bit. This means, existence of the stuff bit at the certain
position of the message block prevents generating some codewords with the minimum weight. Hence, multiplicities of the
minimum weight obtained from encoding of these messages
will be less than that of obtained from messages, which do not
include any stuff bit. As a result, multiplicity of the minimum
weight is reduced and the second constituent code has a better
chance to correct number of errors. Improvement on recovery of the originally interleaved data from one constituent
decoder and its interactive operation with another decoder
will consequently improve error correcting performance of
the PCB code.
Table 1 gives multiplicities of the minimum weight of
(21,11) PG cyclic code based on messages with weight no
greater than six. Table 2 also includes positions of bits 1 in
messages that produce the minimum weight for the given
cyclic code. (361,121) PCB code is constructed by two
(21,11) PG cyclic codes in which the second encoder accepts
13 blocks of interleaved messages in its operation. For (21,11)
code, multiplicities of the minimum weight obtained from
these messages are also given in this table. It is concluded that
number of the minimum weights produced from these messages is lower compared to the one obtained from non-stuff
bit based messages. This is evident from blocks having
weights greater than 1.
V. ANALYSIS OF ITERATIVE DECODING FOR PCB CODES

This section verifies the number of iterations required for
decoding of PCB codes constructed by different interleavers.
The iterative decoding of the code is stopped when the differences between extrinsic values of decoded bits in two consecutive iterations are small and signs of those values are also
41221
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TABLE 1. Specifications of the minimum weight for (21,11) PG cyclic code.

TABLE 2. Multiplicities of the minimum weight of (21,11) PG cyclic code based on message weights and positions of stuff bits in 13 blocks of the
message obtained from (12,121,1) convolutional interleaver.

unchanged [19]. PCB codes are constituted by EG and PG
cyclic LDPC codes, which are decoded by the sum-product
algorithm (SPA). Maximum 10 iterations are considered for
their iterative decodings. Maximum 10 iterations are also
applied for the interactive iterative decoding of SPA-based
decoders. In each iteration of the interactive decoding, the difference between the soft-out information of decoded bits
and the sum of the noisy received and a-priori information
obtained from the alternative decoder is being considered as
the inputs of interleaver and deinterleaver. Codewords are
modulated by binary phase shift keying (BPSK) and examined for AWGN channel.
Figure 4 shows the number of iterations applied for
decoding of PCB codes with L = 1369, which are constructed by (63,37) EG cyclic codes. Codes constructed by
the convolutional interleaver (without inserting stuff bits)
and random interleaver require a similar number of iterations in their iterative decodings.1 However, the number of
1 The stuff bits from the interleaving process explained in Section III are
removed to form the convolutionally interleaved data without stuff bits.

41222

iterations is reduced, when the PCB code is designed by
the convolutional interleaver that applies stuff bits in its
interleaving.
Figure 5 shows the number of iterations used for decoding of PCB codes with L = 2025, which are constituted
by (73,45) PG cyclic codes. Again, PCB codes formed by
the convolutional interleaver with inserted stuff bits requires a
lower number of iterations than two other codes implemented
by the random interleaver and convolutional interleaver without inserted stuff bits.
In these figures, the reduction is observed in almost
all NEb0 s, where the waterfall and error floor regions occur. This
means that PCB codes implemented by the newly proposed
interleaver apply fewer computations in their iterative decoding processes. Figure 6 shows performance of PCB codes
designed by two convolutional interleavers. Codes apply the
optimised number of iterations in their iterative decoding.
It is concluded that with the lower number of iterations
(4601,2025) code formed by the inserted stuff bits outperforms (4545,2025) code. This is evident for both bit error
rate (BER) and block error rate (BLER) performances.
VOLUME 9, 2021

S. Vafi: Parallel Concatenated Block Codes Constructed by Convolutional Interleavers

FIGURE 4. Average number of iterations required for decoding of PCB
codes with L = 1369.

FIGURE 6. Performance of iterative decoding of PCB codes with the
optimised number of iterations.

TABLE 3. Computations applied for turbo RSC, cyclic LDPC, product and
polar codes.

FIGURE 5. Average number of iterations required for decoding of PCB
codes with L = 2025.

VI. DECODING COMPLEXITY OF THE CONSTRUCTED
PCB CODE

The complexity of the designed code can be determined based
on computations conducted for completion of its decoding.
This mainly includes the number of additions and multiplications required for the implementation of the decoding
algorithm. Table 3 gives the overall number of computations
for decoding of PCB codes constituent by cyclic LDPC codes,
which are decoded by SPA. For decoding of a block of
the noisy received information the constituent decoder needs
2 ∗ (dmin − 1) ∗ n additions and multiplications, where dmin
and n are the minimum weight and length of the constituent
cyclic codes, respectively [20], [21]. Obviously, for 2m + 2
blocks of information, 2(2m + 2)(dmin − 1)n computations
are applied. For this code, (ite_no)SPA denotes the number of
iterations applied for iterative decoding of LDPC codes, while
(ite_no_external)PCB is the number of external iterations
VOLUME 9, 2021

considered for the decoding of PCB codes. The complexity
of the newly presented code can be compared with other
well-known codes. The table also denotes the number of
computations for decoding of turbo RSC and polar codes,
which are implemented based on the soft-output Viterbi algorithm (SOVA) and successive cancellation (SC) technique,
respectively [22], [23]. RSC codes are usually implemented
by a low number of registers. Hence, for r ≤ 3, the number
of comparators and adders will be approximately equal.2
Similarly, polar codes apply an equal number of additions
and multiplications. For the low NEb0 s, the overall number of
computations required for decoding of turbo RSC and polar
codes will be lower than the proposed PCB code. However,
for the medium to high NEb0 s, as represented in section V,
the constituent decoders of the PCB code are operated with
a lower number of iterations. In this case, the complexity of
the PCB code will be lower than the turbo code. Moreover,
it will be roughly similar to the polar code, when the overall number of iterations of the PCB code is set to a very
low value. Considering the belief-propagation (BP) method
represented as a soft-in soft-out iterative decoding technique
2 Number of additions and comparisons written for the turbo RSC code are
related to decoding of one bit.
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for polar codes, the complexity mentioned for the SC-based
decoding is multiplied by an iteration number. To gain a
good decoding performance, this number is conventionally
set between 40 and 50. Figure 7 shows the complexity ratio
of (512,171) polar code to (361,121) PCB code in terms of
the number of external iterations used for decoding the PCB
code. PCB code is constructed by two (21,11) PG cyclic
LDPC codes with dmin = 5, which are decoded by the SPA
algorithm with maximum of 10 iterations. BP algorithm with
50 iterations is considered for decoding of the polar code.
The PCB code is implemented with lower complexity when
it applies a few iterations in its decoding structure. Figure 8
shows the complexity ratio of two polar codes with codeword
lengths N = 4096 and N = 8192 to (4601,2025) PCB
code. For both cases, the complexities of polar codes remain
higher than the PCB code, which is evident for the maximum
number of iterations set for (ite_no)SPA and (ite_no_external)
parameters. However, for SC-Based decoding, polar codes
have lower decoding complexity than PCB codes as the given
ratios are divided by the factor of 50. It is worth noting that as
a deterministic type interleaver, the number of memories used
for the convolutional interleaver will be half of the memories
needed for the conventional block-type interleavers. Moreover, the deterministic structure of the convolutional interleaver concludes simpler implementation than random-based
interleavers, which demand storage of the permutations at
the transmitter and receiver sides. These features demonstrate
advantages of the proposed convolutional interleaver in constructing an efficient PCB code.

FIGURE 8. Complexity ratios of polar codes with the codeword lengths
4096 and 8192 to (4601,2025) PCB code in terms of number of interactive
(or external) iterations used for decoding of the PCB code.

PG cyclic LDPC codes and decoded by SPA [24]. Maximum 50 iterations are considered for the iterative decoding.
Six iterations are also applied for interactive decoding of
SPA-based decoders. These new codes will be compared
with the punctured product codes. The product code also
applies two identical EG cyclic LDPC codes as well as eight
interactive iterations between two SPA-based decoders in its
structure. Puncturing is only accomplished on parity bits of
different codewords obtained from constituent codes. For this
purpose, depending on the row order, either even or odd
parity bits are punctured [25]. Figure 9 shows BER performance of PCB codes with L = 1369, which are constructed
by two (63,37) EG cyclic LDPC codes. (3345,1369) PCB
code formed by the convolutional interleaver outperforms
(3320,1369) product code by 0.5 dB. The newly proposed

FIGURE 7. Complexity ratios of the polar code with the codeword length
512 and turbo RSC (1,5/7) code with the codeword length 363 to the
(361,121) PCB code in terms of the number of external iterations used for
decoding of the PCB code.

VII. SIMULATION RESULTS

Performance of different PCB codes based on convolutional
interleavers proposed in Section III is verified by the number
of simulations. Codes are modulated by BPSK and verified
for AWGN channel. These codes are constituted by EG and
41224

FIGURE 9. Performance of PCB codes with L = 1369 and their
comparisons with other codes.
VOLUME 9, 2021
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code has also better performance than (3293,1369) PCB code
formed by the row-column (or block) interleaver having the
equal length in its rows and columns. Moreover, BLER performance of this code is very similar to (3072,1024) polar
code concatenated by cyclic redundancy check (CRC) code,
which applies successive cancellation list in its decoding
process. In this case, the list size of SCL decoding and
number of CRC bits are set to the value of 4. Figure 10
shows the performance of (361,121) and (4601,2025) PCB
codes. (361,121) code is constructed by two (21,11) PG cyclic
LDPC codes. This code has very similar performance with
4-state turbo RSC (1,5/7) code with the codeword length
of 363 bits and rate of 13 . The turbo RSC code applies
row-column interleaver and is decoded by SOVA including
eight iterations. With a shorter length and equal code rate,
it also has the same BER and BLER performances with
(512,171) systematic polar code, which is decoded by the
SC algorithm. The figure also shows the performance of
(4601,2025) PCB code constituted by two (73,45) PG cyclic
LDPC codes. Again, it is concluded that with a similar code
rate and lower girth, the newly designed concatenated code
has the same performance with (4608,2304) QC-LDPC code
presented in [26]. This PCB code is only 2.0 dB away from
the Shannon limit at BER = 10−6 . It also outperforms the
PCB code constructed by a convolutional interleaver without
using stuff bits in its structure. The BLER performance of
this code outperforms (4096,2048) polar code decoded by the
fast simplified SCL-CRC (FSSCL-CRC) technique, which
applies list size of 32 and 32-bit CRC in its structure.

than other well-known codes. In future work, structure of the
proposed interleaver is modified to improve the performance
of PCB codes at both waterfall and error floor regions.
APPENDIX

2
Let f (W , Z ) = [AC
ω (W , Z )]. From equations (5) and (6),
CWEF of the second constituent code is expressed by

C

m+2

1 ∂ ω [AC2 (W , Z )]
ω!
∂W ω
W =0
1 ∂ ω [AC2 (W , Z )]m+2
=
ω!
∂W ω
W =0
ω
(m+2)
1 ∂ f
(W , Z )
=
.
ω!
∂W ω
W =0

(m+2)

Aω2

(Z ) =

Based on the Leibniz theorem, the ωth order of the above
derivative is given by
C

(m+2)

Aω2

(Z )
ω  
1 X ω ∂ ω−i f (W , Z ) ∂ i f (m+1) (W , Z )
=
ω!
i
∂W ω−i
∂W i
i=0
 ω
1 ∂ f (W , Z ) (m+1)
=
.f
(W , Z )
ω!
∂W ω

W =0

∂ ω f (m+1) (W , Z )
f (W , Z )
∂W ω
ω−1
X ω ∂ ω−i f (W , Z ) ∂ i f (m+1) (W , Z ) 
+
.
i
∂W ω−i
∂W i
W =0

+

i=1

(16)
Similarly,
∂ ω f (m+1) (W , Z )
∂W ω

=

∂ ω f (W , Z ) m
.f (W , Z )
∂W ω
ω
m
∂ f (W , Z )
+
f (W , Z )
∂W ω


ω−1
X ω ∂ ω−i f (W , Z ) ∂ i f m (W , Z )
+
.
i
∂W ω−i
∂W i
i=1

(17)
Substituting (17) in (16), we have
C

(m+2)

Aω2

FIGURE 10. Performance of PCB codes with L = 121 and L = 2025 and
their comparisons with other codes.

VIII. CONCLUSION AND FUTURE WORK

Paper presented a new scheme of PCB codes designed by the
convolutional interleaver. This was achieved by proper insertion of number of stuff bits to the message. The analysis and
simulations confirmed that with a shorter length and similar
rate, the proposed code provides close or better performance
VOLUME 9, 2021

(Z )

1 ∂ ω f (W , Z ) (m+1)
=
.f
(W , Z )
ω!
∂W ω
 ω
∂ f (W , Z ) m
+ f (W , Z )
.f (W , Z )
∂W ω
∂ ω f m (W , Z )
+
.f (W , Z )
∂W ω


ω−1
X ω ∂ ω−i f (W , Z ) ∂ i f m (W , Z ) 
+
i
∂W ω−i
∂W i
i=1
ω−1
X ω ∂ ω−i f (W , Z ) ∂ i f (m+1) (W , Z ) 
+
i
∂W ω−i
∂W i
W =0

(18)

i=1
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or
(m+2)
C2

Aω

(Z )

1
∂ ω f (W , Z )
=
2f (m+1) (W , Z )
ω!
∂W ω
ω
m
∂ f (W , Z )
+ f 2 (W , Z )
∂W ω
ω−1
X
1
∂ ω−i f (W , Z ) 1 ∂ i f m (W , Z )
+ f (W , Z )
(ω − i)! ∂W ω−i i!
∂W i
i=1

ω−1
X
∂ ω−i f (W , Z ) 1 ∂ i f (m+1) (W , Z )
1
.
+
(ω − i)! ∂W ω−i i!
∂W i
W =0
i=1

(19)
Obviously, f (W , Z )|W =0 = f 2 (W , Z )|W =0 = 1 and
f (m+1) (W , Z )|W =0 = 1. Considering equations (5) and (6),
we have
C

(m+2)

Aω2

Cm

2
2
(Z ) = 2AC
ω (Z ) + Aω (Z )

+

+

ω−1
X

i=1
ω−1
X
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2
2
Aω−i
(Z ).AC
i (Z )

C
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2
2
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ω−i (Z ).Ai

(Z ).
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