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Abstract

Analytical expressions for the effective mass of heavy, light, and spin split-off electrons are
obtained by diagonalizing the k - p Hamiltonian for cubic perovskite crystal structures and
used to calculate these in nine perovskite materials. An expression for the effective hole g-
factor is also derived and calculated in these perovskites. The calculated effective mass of
heavy electron ranges from 1.619m, to 0.201m,, of light electron from 0.357m, to 0.146m,,,
and of spin split-off electron from 0.584m, to 0.169m,. It is found that CI- and Pb-based
perovskite materials have larger heavy, light and spin split-off electron effective masses. It is
also found that the effective g-factor increases with the atomic size, from Cl to I, for the series

CsSnX;(X = Cl, Br, I).

I. INTRODUCTION

Theoretical and experimental works on semiconductors such as Si, Ge, GaAs, and InSb under
stress have provided useful insight and detailed understanding of their band structures !. On
the theory side, k - p method has been very useful for studying the energy band structures and
physical phenomena occurring near the center of the Brillouin zone (BZ) of semiconductors -
3. Recently, perovskite semiconductors have been used in several applications, for example, in

solar cells, lasers, photo-rechargeable batteries, and light emitting diodes (LEDs) *”’. The k - p



method has also been used to study the electronic and optical properties of perovskites without
including the effect of charge carrier scattering by optical phonons * ®. The finding of large
effective masses along some principal axes in perovskite materials have been reported as
anomalies . Density functional theory and quasi particle self-consistent GW electronic
structure calculations have been used to study the electronic transport properties in halide cubic
perovskites CsSnX3(X = Cl, Br,I) ? and it has been found that by increasing X results in
deceasing the effective masses of heavy and light electrons in the conduction band (CB) along

the [100] and [111] directions. As the electron mobility (1) and effective mass (m,) are related

by u = :l—i, where e is the electronic charge and 7 is the electron scattering time, any change in

the effective mass of an electron is expected to influence the mobility, which in turn affects the

11 As a result, a semiconductor with

optoelectronic properties of perovskite devices
anisotropic electron effective mass will have anisotropic mobility leading to anisotropic charge
density '"'*. Therefore, effective mass and band gap energy are among the most important
parameters needed to characterise any semiconductor material.

02E(k)
k2

2
The effective mass of an electron in the CB at a point k = Kk, is given by, #, where
k=kg

h = h/2m is the reduced Planck’s constant and E (k) is the electron energy obtained from the
dispersion relation at wavevector k, and hence it depends on the electronic band structure '°. It
has been established that the presence of mechanical strain and spin-orbit coupling (SOC) can
reduce the crystal symmetry !, and split the electronic energy bands. However, in perovskites,
the splitting of the conduction band due to strain field is found to be relatively small compared
to that due to the SOC 3. The magnitude of the strain field is not given here because the
influence of hydrostatic, uniaxial, and shear strain on the unstrained crystal potential and their
effects on the optoelectronic properties > > of perovskite heterostructures will be considered in

a future study. Using band theory calculation including the electron-electron interaction and



SOC, it is found that the holes in the valence band of perovskite materials have angular

: 1 : : :
momentum eigenvalue | = Py whereas the electrons in the conduction band have eigenvalue
J= % This is similar but opposite to the case of electrons and holes in many III-V

. 3 1 . .
semiconductors, where the holes have | = 5 and electron has | = > 4 In perovskite materials,

the vectorial representation of the conduction band minimum at R-point splits into spin-split
off (SO), light electron (LE) and heavy electron (HE) electron bands '®!'¥. A schematic band
structure of perovskite materials is shown in Figure 1. However, such a splitting does not occur
in the valence band and hence the valence band is degenerate, isotropic and parabolic °. To
our knowledge, this is the first theoretical study of the effective mass of the heavy, light, and

spin split-off electrons, and effective g-factor of holes in perovskite materials.
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FIG. 1. Schematic band structure of the valence and conduction bands in perovskite

materials.



In this paper, we have first derived analytical expressions for the effective mass of heavy, light,
and spin split-off electrons and effective g-factor of holes in cubic perovskite materials for the
first time. We have diagonalized the 8x8 matrix Hamiltonian for cubic perovskite structure
with direct band gap at the R-point to obtain the analytical expressions, which are then used to
calculate the electron effective masses for some inorganic and hybrid organic cubic perovskite
materials and effective g-factors of holes. The results of this study may be useful in the design

of perovskite-based devices.

I1. ELECTRON EFFECTIVE MASS IN CUBIC PEROVSKITE MATERIALS

Luttinger'® developed the quantum theory of cyclotron resonance using a four-band model, for
semiconductors with diamond structure. Pidgeon and Brown? extended the four-band model
to eight-band model by considering the conduction band together with the degenerate valence
band. Accordingly, the band structure of a bulk cubic perovskite semiconductors material at
the R-point can be described by an 8x8 matrix Hamiltonian H'”2! given in Table I. The fully
coupled Hamiltonian includes double spin-degenerate p-like orbitals of the conduction band

HE, LE, and SO bands and s-like orbitals of the valence band.

Table I. Matrix Hamiltonian H representing the cubic perovskite structure with direct band

gap at the R-point 7.
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hz
S ==—2V3ys(—ky + ik, )k, (8)

2my
hz 2 2 .
R=>r V3[y (k2 — k2) — 2iysk,k, ] 9)
my
hZ
D= V2y, (k2 + k2 — 2k2) (10)
2my
2mg 2
By =z PP=1-F (11
P= i < slplr > 12
= e < slpelx (12)
9
Dy = —lha (13)

In Table I, |S T) and |S 1) represent the valence hole states, E + §> and E + §> represent the

four-fold degenerate heavy and light electron states, and E %> and E - %> represent spin split-

off electron in the conduction band. The 8x8 matrix Hamiltonian cannot be block diagonalized
completely for any arbitrary &, however, the matrix elements in the Hamiltonian (Table I) can
be diagonalized analytically if we consider only small & values > '3, which makes the inter-band
matrix elements negligible in comparison with SO coupling. Then the 8x8 matrix Hamiltonian
can be partitioned into three intra-band matrices: (1) a 2x2 valence band matrix Hamiltonian
(includes first 2 columns and first two rows of Table I), (2) a 4x4 matrix Hamiltonian for HE
and LE electrons in the conduction band as given in Table II, and (3) a 2x 2 matrix Hamiltonian
for the spin split-off electrons in the conduction band as given in Table III. Finally, to derive
the effective mass of the heavy and light electrons, we diagonalize the 4 x 4 matrix given in

Table II.



Table II. Matrix Hamiltonian for calculating the effective mass of heavy and light electrons in

the conduction band.

2 | kd B3| B3
Gl | R
@ % S cL |0 —R
@_ % —R* 0 CL -S
3 3 0 —R* —s° CH

<E_§

Table III. Matrix Hamiltonian for deriving the effective mass of spin split-off electron in the

conduction band.

By diagonalizing and solving the eigenvalue of the matrix |H-E(k)| = 0 in Table II, we get the

energy eigenvalue for heavy and light electrons as:

i3 | b3l
<}l CcS 0
22
<l_l 0 CcS
2 2




hz
£ (g e

+2(yZ[ k2(k2— k2)+ k2( k% — k2)+ kZ(kZ— k2)

1
+3y3(kZkZ+ k2 k2 + k2 k,%)])?} (14)

where k? = kZ + ki + kZ, m, is the free electron mass and + and — signs in the second term
within the bracket are assigned to represent the light and heavy electrons, respectively. In Eq.
(14), the normalised Luttinger parameters'’, y; [i = 1,2,3] are the linearly independent
parameters which determine the curvature of the energy band away from the R-point. Eq. (14)
is anisotropic unless y; = 0 and non-parabolic unless both y, ; = 0. Equating E (k) on the left

hand side of Eq. (14) with the energy of the electron obtained within the effective mass

approximation:
h2k?
E(k) = 15
() =5~ (15)
we get:
m0= +£ 2k2 k2_k2 k2 kZ_kZ kZ k2_k2
m Y1—k2(]/2[ x( x y)+ y( y z)+ z( z x)
+e
1
+3y2(kZkZ+ k2 kZ + k2 k2)])? (16)

where m,, = m;, and m_, = my, represent the light and heavy electron masses, respectively.
From Eq. (16), we can express the effective masses of the heavy and light electrons in the [110]

(kx =k, =1k, = O) direction as:

-1
mue[110] = (1 = ¥Z +3¥2) o (17a)



and

-1
m[110] = <V1 + /)/22 + 3%3) m (17b)

Likewise, to derive the effective mass of the spin split-off electron we diagonalize the 2 x 2

matrix in Table III and solve |H - Eg, (k)| =0, which gives:

hZ
2m

Eso(k) = CS = - [yi(kZ + k2 +k2)] - A (18)

and then applying the effective mass approximation by writing:

2k2

2my,

Ego(k) = (19)

and equating with Eq. (18), we get the effective mass of the spin split-off electron mg, in the

conduction band as:

my 2myA 20

where A is the SOC splitting in the CB.

For calculating the effective mass of electrons in the heavy and light from Eq. (16) and spin
split-off from Eq. (20) bands, one requires the input parameters which are listed in Table IV
for all inorganic and hybrid organic-inorganic perovskite materials known to have cubic crystal
structure. Some of these parameters are extracted from published figures as described below:
The band gap (Eg) and spin-orbit splitting (A) energies for the first three
materials, CsPbX5(X = Cl, Br, I), in Table IV are obtained from ref. 18 (extracted from Figure
1b in the text and the Extended Data Figure 1 in the section methods). For the next three

materials, CsSnX3(X = Cl, Br, I), E; and A are obtained from ref. 9 (Eg is given in Table IV



and A in Table III of ref. 9). The effective mass of valence band hole (m;) and Kane energy
(Ep) for CsPbX;(X = Cl, Br, I) are obtained from the supplementary information (TABLE S1)
of ref. 18 and the lattice constant (a) are given under Band-structure calculations on the right
column of page 194 of ref. 18. For the next three materials, CsSnX;(X = Cl, Br,I), we have
calculated Ep from the method described in section 1b of the supplementary text of ref. 18 and
the values of A, m; and a are given in TABLE III, Table VI, and Table I, respectively, of ref.

9.

The Luttinger parameters in table IV are calculated as follows: Eqs.(7a)-(7d) in ref. 17
relate the Luttinger parameters with the effective masses in the [100] and [111] directions
which are in turn related to the inverse mass parameters, A, B and C in Egs.(2) and (3) of ref
9. Therefore, y¥, y% and y% are calculated from the known A, B and C for all the 9 cubic

perovskites as:

vh = 1(A+ B) (21)
)

Ys=1(A-B) (22)

v =5C (23)

Using Egs. (21)-(23), the normalized Luttinger parameters y;, Y5, 3 are obtained as'’:

1Ep

— L _ 24
Y1 ="V1 3Eg (24)
1E
L P
Y2 =Yz 6 E, (25)
1E
L P
—yL_ZZF 26
Y3 =73 6Eg (26)

10



Using Egs. (24) — (26), the effective masses can be calculated from Egs. (16) and (20). As
explained above, all the parameters in Table IV are calculated theoretically and obtained from
references shown in Table IV, except the band gap energies listed in the column 3, which are
experimental values. As the experimental Eg is known only for four materials (see Table 1V),
we have used the theoretical values known for all the materials. However, according to Table

IV, the experimental and theoretical values of E are in reasonable agreement.

Table IV: Input parameters for calculating the effective masses of spin split-off, heavy and

light electrons and effective g-factor of holes in perovskite materials.

g T ESP [A@V) | v [ vE | vh [maOno) Er(eV) [ a(A)

(eV) (eV)

CsPbCl; 3.27° 3.04¢ 1.53* |58 |22 |05 |0.170* | 40.1* |5.610°

CsPbBr3 2.36° 2.36°¢ 1.50* (76 3.0 |0.7 |0.128% |39.9% |5.865*%

CsPbl3 2.05% 1.73f 1.44% | 9.1 36 |0.7 ]0.095% |41.6* |6.238%

CsSnCl, 269 | 0.45° (64 |25 |08 |0.140°|347 |5560°
CsSnBr3 1.38% | 0.44° 102 |43 |17 |0.082°[357 |5.804°
CsSnl, 1.01% | 0.42° [ 13.0 |56 |21 [0.069° (299 |6.219°
CH3NH;Pbly 1.60° 1.57F (140 | 3 3 0.170" | 15.3¢ | 6.200°
CsSil; 0314 | 050 [243 [11.5 |81 | _ 189 |5.892¢
CsGels 1.204 027 |[114 |50 |14 282 | 6.050¢

a=18,b=9, c=22, d=5, e=23,f=24, g=17, h=3.

III. HOLE EFFECTIVE g-FACTOR IN CUBIC PEROVSKITE MATERIALS

11



The effective g-factor for the s-like hole, g* = g, + g’, where g’ is derived from second-order

perturbation theory as’:

(27)

, _ 8o z (S Mpx]aXalpy|s 1) = (S 1py la)alpyls 1)

im, Es—E,
a

We assume that the only relevant states to be included in the summation in Eq. (27) are from

the heavy, light and spin split-off states of the conduction band as listed in Table V.

TABLE V. Matrix elements of the heavy (he), light (le) and spin split-off (so) states for

computing g'in cubic crystal perovskite materials from Eq. (27).

(iS Tlpy|a) (alpxliS T) (iS Tlpyla) (alpy|iS T)
he 1 1 1 1 1
—P —P — —P
> 0 > 0 l\/EPO l\/i 0
he | 0 0 0 0
le T 0 0 0 0
Je L 1 1 1 1
-—P ——P —P —P
N N V6 V6
se 1 0 0 0 0
sel 1 1 o1 i—p
__—p __p el 0
\/§ 0 \/§ 0 l,\/§P0 \/§

Using Table V in Eq. (27), we obtain:

;o goEpA

~ 3E,(E, + 1) (28)

g

It may be noted that according to Egs. (27) and (28), the effective g-factor g* # g, only if the

spin-orbit interaction A is non-zero.

12



IV.  RESULTS AND DISCUSSIONS

We have presented the derivations of the effective masses of heavy-, light- (in Eq. (16)), and
spin split-off- (in Eq. (20)) electrons and effective g-factor of holes in perovskite materials.
The calculated effective masses from Egs. (16) and (20) and the effective g-factor g* from Eq.
(27) are listed in Table VI along with the magnitude of experimental g-factor of holes in two
perovskite materials. The Luttinger parameters ¥ (i = 1,2,3) required to calculate the effective
masses from Egs. (16) and (20) were calculated using the inverse mass parameters 4, B, and C
of the Kohn-Luttinger Hamiltonian ° !7, and are listed in Table IV. The 4, B, and C of
CsSnX;(X = Cl,Br, I) are listed in TABLE VII in ref 9. It may be noted that the Luttinger-
Kohn parameters for the perovskite CH;NH;Pbl; are not known and hence ¥/ (i = 1,2,3) for
this perovskite could not be calculated. As CsPbl; and CH;NH;PbI; have only Cs and CH3NH3
different in their structures, we have assumed that the Luttinger parameters for CH;NH;Pbl;

are the same as for CsPbl; in our calculations.

It may be desirable to point out that although perovskite materials may exist in three phases;
orthorhombic(y-phase), tetragonal(B-phase) and cubic(a-phase), many of them hold their stable
structure in the y -phase >. We have not considered B- and y- phases here, as the high
temperature cubic structure of perovskite materials may be regarded to be an ideal structure to
understand the basic properties of perovskites . The cubic perovskite materials have smaller
effective masses compared with the orthorhombic and tetragonal structures 8, therefore, we

expect the effective masses of the - and y- structures to be larger than the values in Table VI.

It is evident from Table VI that as the atomic size of the halide atom X increases from Cl to I,
the effective mass of the heavy, light and spin split-off electrons decreases. The perovskite with

Pb (Ge) of larger atomic size has heavier effective mass than that with Sn (Si) of smaller atomic

13



size. Our results agree with previously simulated effective masses in perovskite materials 8. It
may also be noted that the Luttinger parameters of CI- based perovskite materials shown in
Table IV are consistently smaller than their Br- and I-based counterparts and that of Pb-based
perovskite materials are also consistently smaller than their Sn-based counterparts. This
establishes a clear inverse relation between the effective mass and the Luttinger parameters of

metal halide perovskites.

Table VI: Effective masses of heavy electron (my,), light electron (m;,), split-off electron

(my,), and effective g-factors of holes, calculated using Eq. (14), (16), and g* = g, + g'. The

input values for the calculation are given in Table IV.

Mpe(Mo) | mue(mo) | mgo(mo) | g""°(go) | 8"*P(8o)
CsPbCl; 1.619 0.357 0.584 1.23 _
CsPbBr; 1.605 0.303 0.509 1.60 0.75 %
CsPbl; 1.367 0.254 0.428 1.90 _
CsSnCly 0.687 0.298 0.415 0.77 _
CsSnBr3 0.682 0.247 0.362 1.30 _
CsSnl; 0.672 0.210 0.319 1.75 _
CH;NH;Pbl, 0.201 0.146 0.169 1.24 0.41 %

14




CsSil; 0.378 0.189 0.251 6.77

CsGel; 0.486 0.197 0.280 1.22

In Table VI, we see that g'in Eq (28) depends on bandgap energy Ej, spin-orbit splitting energy

A, and the Kane energy Ep. Although the expression of g’ in Eq (28) is the same as the one

2 13 g’ is positive in perovskite materials and

found for the zinc-blende semiconductors
negative in zinc-blende semiconductors. The calculated values of the g-factor could be
compared with their known experimental values only for CsPbBr; and
CH5;NH;Pbl;, the calculated values are about twice the experimental results. We observe that
an increase in atomic size from Cl to I for the series CsSnX3 (X = Cl, Br, I) results in an increase

in the effective g-factor. We have also found (see Table VI), that the effective g-factor of CsSil;

is the largest which is due to the small bandgap E in the denominator of Eq. (28).

V. CONCLUSIONS

We have derived expressions for the effective mass of heavy, light, spin split-off electrons and
effective g-factor of holes in cubic perovskite materials. Cl- and Pb-based halide perovskite
materials have the largest heavy, light and split-off electron effective masses. The results of
our work may be expected to be useful in simulating the performance of perovskite-based opto-

electronic devices.
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